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MODULES OF THE TOROIDAL LIE ALGEBRA 3% 

NAIHUAN JING AND CHUNHUA WANG* * 

Abstract. Highest weight modules of the double affine Lie alge¬ 
bra s [2 are studied under a new triangular decomposition. Singular 
vectors of Verma modules are determined using a similar condition 
with horizontal affine Lie subalgebras, and highest weight modules 
are described under the condition that ci > 0 and C 2 = 0. 
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1. Introduction 

Toroidal Lie algebras are multiloop generalization of the affine Lie 
algebras. Their representations can be stndied with similar but distinc¬ 
tive methods as their affine connterparts. Classihcation of irreducible 
integrable modules with hnite dimensional weight spaces has been car¬ 
ried ont and properties of the integrable modules have been investigated 
in pSl DSl [IS [la E|. Berman and Billig pQ constrncted general mod- 
nles by the standard indnction procednre and stndied their irreducible 
quotients nsing vertex operator techniqnes. As a special snbalgebra of 
the toroidal Lie algebra, the double affine algebras also have similar 
representation theory. However, the integrable modules are no longer 
completely redncible |S- 

In this paper, we use a different triangnlar decomposition to stndy 
representations of the donble affine Lie algebra T [7]. We determine 
all singnlar vectors of the Verma modnles and give relatively easier de¬ 
scription of their snbmodule strnctnres. When one canonical center is 
positive and the other center is trivial, we are able to determine inte- 
grability and irreducibility of the Verma modnles, which then enable 
us to describe general highest weight modules. 

The paper is organized as follows. In section two, we describe a 
new triangnlar decomposition of the double affine algebra of sb. In 
section three, we stndy the Verma modules based on the triangular 
decomposition. Using the affine Weyl gronp, we £x the singular vectors 
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of M(A) and study integrability of the quotient W{\). In section four, 
we give a necessary and sufficient condition for the irreducibility of 
M(A) and W{\). 

Throughout the paper, we will denote by Z, Z_|_, N the set of integers, 
nonnegative integers and positive integers, respectively. 

2. The toroidal Lie algebra sb 

Let 5 [ 2 (C) be the three dimensional simple Lie algebra generated by 
e, /, with the canonical bilinear form given by (e|/) = |(q;^|q;'^) = 1 , 

where a is the simple root. The toroidal Lie algebra sb = 5 t 2 (C) ( 8 ) 
© Cci © Cc 2 © Cdi © C(i 2 is a central extension of the 2 -loop 
algebra sl 2 (C) © with the following Lie bracket: 

( 2 . 1 a) [x®f,y®f] = + {x\y) 5 r^-s-, 5 r^-s 2 ij'iCi + r 2 C 2 ), 

( 2 . 1 b) [x © r. Cl] = [x © r, C 2 ] = 0 , 

(2.1c) [di^x ® f] = TiX ® f ^ [di,Cj] = 0 

where x,y ^ sl 2 (C), r = (ri, r 2 ) G 7?, s = (si, S 2 ) G Z^, and = t\^f 2 ■ 
In the following we also denote x{m, n) = x ® 

The Cartan subalgebra is 1 ) = © Cci © Cc 2 © Cdi © Cd 2 , where 

Cl and C 2 are central elements. Let [)* be the dual space of 1 ). For a 
functional /3 E t)*, let Zy = {x E T| [h, x] = /3{h)x, M h E [)} be the root 
subspace. The root system A of T consists of all nonzero (d E\)* such 
that 7 ^ 0 . 

Let (5i, 62 , coi, U 2 E i)* be the linear functionals dehned by Si{dj) = Sij, 
Si(cj) = = 0 and Ui(cj) = Sij, u)i{dj) = = 0 for i,j = 1 , 2 . 

It is easy to check that the root system A = {±a + 7Si +Z( 52 }U({Z 5 i + 
Z( 52 }\{ 0 }). Let ( I ) be the invariant form on I) dehned by 

(a'^la'^) = 2, (tt'^lcj) = {a'^\dj) = 0, 

(cj|(ij) dij^ (©I©) 

Then the associated invariant form on 1)* is given by 
(ala) =2, (a|(5j) = {a\uj) = 0, 

((5j|cCj) dij, (<^j|<5^j) (cCj|cCj) 0 , 

where i,j = 1,2. The real and imaginary roots are given respectively 
by 

( 2 . 2 a) 

( 2 . 2 b) 


A’’" = {±a + Z(5i +Z(52}, 
= {Z(5i + ZS2}\{0}. 



MODULES OF THE TOROIDAL LIE ALGEBRA sb 3 

Clearly = s[ 2 (C) (g) C[ti, © Ccj © Cdi {i = 1, 2) are two subal¬ 
gebras of % that are isomorphic to the affine Lie algebra Denote 
the root system of by It is well-known that is decomposed 
into positive and negative parts 0: ^gi = ^gd+ U Ag-_, where 

A^^+ ={a + "Z+Si} U {—a + N^i} U Nhi, 

={-a - Z+5i} U {a - N5i} U {-Mi}. 

Let ai = a,aQ = Si — a and a_i = S2 — (y, then all roots are integral 
linear combination of a,,* = —1, 0,1, and they are called the “simple” 
roots [n] of T. However some roots can not be represented as negative 
or positive linear combinations of the “simple” roots. In this paper, we 
view T as an affinization of the Lie algebra ^ and define the following 
partition of A: 

A+ ={a + Z+Si + Z+ 62 } U {-a + Mi + Z+ 62 } U (M^i + Z+ 62 } 

U {-a - Z+5i + N(52} U (a - Mi + U {-Mi + Ma} U M^a 

and 

A_ ={-a - Z +61 - Z+ 62 } U{a- Ml - Z+^a} U {-Mi - Z+5a} 

U {a + Z+^i - M^a} U {-a + Mi - Ma} U {Mi - Ma} U {-Ma}. 

The corresponding positive (resp. negative) root space is denoted by 
(resp. T_ = T^). Then T = T+ © () © T_ is 

the associated triangular decomposition of T. 

Let Q+ = Z+-span of A+. Similarly, Qi+ = Z+-span of A|^_|_ = 
Z_|_ao + Z+ai is the positive root lattice of Let A,/i G f)*. We say 
that A>/iifA — /iisa nonnegative linear combination of roots in A_|_. 

The Weyl group of T is dehned as usual [m. 

Definition 2.1. For a real root (3 = ±a + ni^i + na^a, we define the 
reflection rp on f^* by 

r; 3 (A) = A-AOT/ 3 , 

where A G 1)* and (3'^ = ± 0 ^ + niCi + naCa. The Weyl group W% is 
generated by rp {(3 G A”®). 

3 . The Verma modnle M(A) 

In this section, we study highest weight modules of T. Integrable 
modules are constructed by Chari [ 3 ] for double affine Lie algebras, 
and a classihcation has been given by Rao [ni [131 [III [I 5 ] and Jiang [ 5 ] 
for irreducible integrable modules of the toroidal Lie algebras. We will 
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take the new triangular decomposition to study the Verma modules 
M(A). 

Definition 3.1. A module M of T is called a highest weight module 
if there exists some 0 7 ^ u G M such that 

( 1 ) the vector u is a weight vector, that is h.v = \{h)v for some 
A G ()* and all h G 1), 

(2) T+.u = 0, 

(3) f/(T).u = M. 

Definition 3.2. A module M of T is integrable if M is a weight module 
and all Xa{'m,n)^s are locally nilpotent, i.e. for any nonzero v E M 
there exists N = N{a,m,n,v) such that Xa{m,n)^.v = 0. 

Definition 3.3. A nonzero element v E M is called a singular vector 
if it is a weight vector and T+.n = 0 . 

Let A G ()*. The one-dimensional vector space Cl a can be viewed as 
a T+ 0 t)—module with T+.1 a = 0 and h.lx = X{h) ■ lx for all h G t). 
Assume that the central element Ci acts as a scalar ki > 0, and the 
other center C 2 acts trivially. Then we have the induced Verma module: 

M(A) = U{%) CIa, 

where V(T) is the universal enveloping algebra of T. 

Proposition 3.1. (1) M(A) is a U{%-)—free module generated by 

the highest weight vector: 1 0 1a = ua- 

(2) dimM(A)A = 1; 0 < dim M{X)x -/3 < Tcxd for every [3 E Qi+; 
Otherwise, dimM(A)A -7 = 00 for any 7 G Q+. 

(3) The module M(A) has a unique irreducible quotient L{\). 

We now determine all singular vectors of M(A). In the following, we 
will consider the properties of M(A) and T(A) under the assumptions 
that the highest weight A is dominant on 

Proposition 3.2. If A(q;^) = Ui {i = 0,1) are nonnegative integers, 

1 

then 'Yl,U{Tl-)-yf"^^vx is a proper submodule of M{X), where yi = 

i=0 

y,yQ = x®tf^. 

Proof. We need to show that yf'^^vx {i = 0,1) are singular vectors of 
M(A), i.e, %+.yf^^^vx = 0 for i = 0,1. It suffice to show that e(m, n) E 
T+ and f{rn,n) E T+ act trivially on yf^^^.vx {i = 0,1). Because the 
weight of e{m,n)y^"^^.vx (m G Z, n G N) or f{ni,n)yf*^^.vx {rn E 
Z, n E N) is higher than A, we get e(m, .vx = f{m',n)yf"^^.vx = 

0 (m, m' E Z, n, n' G N). Therefore, we only need to consider z.y^'^^.vx 
with z E But this is zero as it is the case of affine Lie algebras. □ 
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Denote the quotient W{X) = M{\)/ ^ 

i=0 

Let be the Weyl group of the affine Lie algebra ^ defined as 
above. It has two generators given by the simple reflections and 
For arbitrary w G Wf^, we dehne w ■ X = w{X + p) — p, where p 
satisfies p(a/) = 1 (i = 0 , 1 ). 

Corollary 3.4. For arbitrary w G hF^, the module M{w - A) is a 
submodule of M{X). 

Proof. This can be proved by induction on the length of w as in Propo¬ 
sition ESI □ 

We now look at the integrability of hF(A), where A(a^) = nj > 0, 

i = 0,1. 

Proposition 3.3. Suppose that ci acts on W{X) as a scalar ki > 0 
and C 2 is trivial. Then W (A) is not integrable. 

Proof. Let fF(A) = U{%-).w\, where w\ is the image of v\ in hF(A). 
We claim that e(0, —1) is not locally nilpotent. In fact, suppose that 
e(0, —1) is nilpotent on wx and assume that N is the minimum positive 
integer such that e(0, —l)^.wx = 0. Then we have 

0=/(0,l)e(0,-l)'^.n;A 
= [/(0,l),e(0,-l)'^].n;A 
= - iVe(0, - 1) . 1 - (c 2 - a^)).n;A 

= - N{N - 1 + ni)e(0, -l)^-\wx, 

where we have used A(a^;^) = A(c 2 — = —ni. 

By the minimality of N we obtain that (iV — 1) -|-ni = 0, then N = 1 
and rii = 0. Then e(0, —l).tCA = 0 and 

(3.1) /(I, 0)e(0, -l).wx = -0^(1, -l).inA = 0. 

Applying Q!^(—1,1) to Eq. fl3.ip . we obtain 

a^(—1, l)a^(l, —l).taA = (a^|Q!^)(—Ci -f C2).wx = —2kiWx = 0. 

This is a contradiction as we have assumed ki > 0. Therefore, the 
quotient W (A) is not integrable. □ 

Proposition 3.4. Suppose that ci acts as a positive constant ki and C 2 
is trivial. Then some weight spaces of W (A) are infinite dimensional. 

Proof. Observe that —l).wx 7 ^ 0, m G N. Otherwise, we have 

l)a^(—m, —l).taA = 1), —l)].tCA = 2mkiWx = 0. 



NAIHUAN JING AND CHUNHUA WANG* 


Similarly we also get that —l).wx 7 ^ 0 for m G N. 

We claim that —l).wx,m G N} is linearly inde¬ 

pendent. Suppose there exist 7 ^ 0 such that 

(3.2) amO^ {—m, —l)a^(m, —1 ).wa = 0. 

m 

Let s G {m|am 7 ^ 0}. Applying a^(s, 1) to Eq. (13.21) . we obtain 


0 = am([a'^(s, 1), —l)]a!'^(m, —1) 

m 

+ —1)[q!'^(s, 1), a^{m, —l)]).tCA 

= ^ am5s,m{a'^\oi'^)a'^{m, -l)ski.wx 

m 

=2asskia'^ {1, —m).wx- 

This contradiction proves our claim. □ 


4. Highest weight modules of s [2 

Futorny [ 6 ] studied the imaginary Verma modules (IVM) for affine 
Lie algebras and proved that an IVM is irreducible if and only if A(c) 7 ^ 
0. In this subsection, we prove an irreducibility criterion for Verma 
modules M(A) when Ci 7 ^ 0 and C 2 = 0. 

Lemma 4.1. Let 0 7 ^ n G M(A) and M = 0 M{\)x-r]- Then 

r?eQi+ 

u{^)vnM^ 0 . 


1 

Proof. Suppose v G M{X)x-^, where fi G 2+. Let fi = ^ rijOj -|- k52 

i =0 

for rij G Z and k G Z_|_. Dehne the height of /i by hf(/i) = k. If A; = 0, 
1 

then A — p = A — ^ niOj for some nonnegative integers rij, so the result 

i=0 

holds. Suppose /c > 0, since M(A) is a free t/(T_)—module, there exists 
a homogenous element u G UifZ-) such that v = uvx- By the PBW 
theorem 


u = 




p 

4>lp—‘nip^2^ 4>2p—Ll2p^2 


^ jr'’s{p)p 

^s{p)p ^s(p)p ^2 


where Up G t/(^i-), ^ ^ kp,nip G N, and 

^ = Y^i^iphp {i = l,2,...,s(p)) for all p. If i 7 ^ j, (l)ip - nip 62 7 ^ 
(f)jp — njp 62 for all p. We will also assume nip > n 2 p > ■ ■ ■ > ns{p)p for 
all p. Next we consider the set 12 C {nip52\ consisting of pip such that 
ht{—(pip) = minp{ns(p)p}. In 12, we consider the subset 12' consisting of 
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H^s(p)p such that ls(j)j > h{p)p for all (pij G We then take a subset 
flo in O! consisting of all ’^s{p)p such that 0*^ > 4>s{p)p- Without loss of 
generality, we can assume 0s(i)i G flo- Since 05(1)1—775(1)1(52 = (t>ip—nip52 
and ^ 5 ( 1)1 = Up, we have i = s{p). Choose sufficiently large 7 G 
such that 7 > (pij for all i,j and hf ^^_,_(7 — 05 (i)i) < htg^j^{—Up) for all 
p. Let 0 7 ^ 2 ; G ^-'y+ns^i)i 52 - We have zUpV\ = 0 for all p since the 
weight of zUpV\ is larger than A. The choice of ns(i)i and 7 ensures 
that zv 7 ^ 0. Since hf(/i + 7 — 115 ( 1 ) 1 ( 52 ) < ht{p), by induction hypothesis 
we get U{‘I){zv) n M 7 ^ 0. Then U{%)v n M 7 ^ 0 because U{‘I){zv) C 
U{‘I)v. □ 

Let = {n G M(A)|T+.n = 0}. Clearly it is f)-invariant. For 

an arbitrary nonzero element v G we see that U{%J).v is a 

submodule of M(A). As for the form of elements in M{\)^, we have 
the following result. 

Corollary 4.2. M{\)^ C M . 

Proof. Suppose there exists a nonzero v G and the weight of v 

is not of the form A —/5 (/5 G Qi+). Since U{%)v = U(fl-)v, the weight 
of every element in f/(T)n can not be of the form A —7 for any 7 G Qi+. 
Hence U{%)v H M = 0, which contradicts with Lemma 14.11 □ 

The subspace M can be viewed as a Verma ^—module. Kac and 
Kazhdan [Hj gave a necessary and sufficient condition for the reducibil- 
ity of the Verma modules for affine Lie algebras. 

Theorem 4.3. [9] The Verma module V (A) of ^ is reducible if and 
only if for some positive root (3 of the algebra ^ and some positive 
integer I, one has (A + p){(3'^) = I, where p{af) = 1 (i = 0,1). Then 
V(A — 1(3) are submodules ofV{X). 

Theorem 4.4. The module M{X) is reducible if and only if for some 
positive root (3 of the algebra ^ and some positive integer I, one has 
(A + p){(3'^) = I, where p{cxf) = 1 (i = 0,1). 

Proof. Suppose that M(A) is reducible. Assume that on the contrary 
that there does not exist a root [3 of the algebra ^ and a positive 
integer I such that (A + p){(3'^) = 1. By Theorem 14.31 M is irreducible 
as a ^-module. By Lemma 14.11 for arbitrary 0 7 ^ n G M(A), we 
have UfX)v n M 7 ^ 0. Since UfV)v C M is a ^i-submodule of M, 
U(%)v n M = M by the ^-irreducibility of M. Then M C U{fZ)v 
and vx G U(fl)v. Subsequently U((I)v = M{X). Therefore M(A) is 
irreducible, which is a contradiction to our assumption and we have 
proved the necessary direction. 
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On the other hand, if for some positive root f5 of the algebra 
(A + p){(3'^) = I holds for a positive integer I, then M is reducible as a 
Verma module for ^ by Theorem 14.31 i.e., there exists some singular 
vector V ^ Cwa of M. Meanwhile, it is also a singular vector of M(A) 
since the weight of z{m,n).v {z G 512,^71 G Z, n G M) is higher than A. 
Thus M(A) is reducible. □ 

Corollary 4.5. Let A G fi* such that A(a^) {i = 0,1) are nonnegative. 
Then W{X) = L{X). 

1 

Proof. Since A(q!/) {i = 0,1) are nonnegative, is a 

^ i=0 

maximal submodule of M as ^—module by [8]. According to Theorem 
14.31 and Theorem l4.4l we know that the reducibility of the f/(T)—module 
M(A) is equivalent to that of M as ^—module. Hence, 1T(A) is irre¬ 
ducible. □ 

Corollary 4.6. Let A+(A) = {(/?,/)|(A + p)(/?^) = /,/3 G fi, / G N}. 
ThenJ{X) = J2{i3 i)&a+{\) is the maximal submodule of M{X). 

IfV is the highest weight module of weight X. Then V = M{X)/N{X), 
where N{X) C J{X). 
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